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Ist das Semistabilitatsgebiet so schmal, daf}
ASy : AVx =0:0,

so kann man die 'Hospital-Regel anwenden, wenn
man Sy und Vy als Funktion von T, P betrachtet
und wenn 3S/3T usw. einen endlichen Sprung bei
Durchgang durch die Lambda-Umwandlung machen;
so kommt

e UG ((3/3P) A8y
dr (1) 4¥Nx  (3/3P) A¥x
(Ehrenfest-Relationen).

Macht aber (3S/3T)p keinen endlichen Sprung auf
der Lambda-Linie, sondern hat eine Unendlichkeits-
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stelle dhnlich wie —log|T —T;|, so ist die Ehren-
fest-Relation nicht mehr anwendbar. Man hat aber
immer noch die Moglichkeit OSx/3T und SVy/3T

in der Ndhe der Umwandlungslinie zu vergleichen
und statt

A(3/3T) Sy =4(3/3T) Vx-dP/dT

und

A(3/3T) Vx=A4(3/3P) Vx-dP/dT

die Beziehungen zu priifen

3 ¢ _dF. 3 3, _ dF 3
TSN Tar /¥t /3= grgptte

(Pippard-Relationen).
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The method of calculating the intensities of waves in low-energy electron diffraction (LEED)
which was applied in Part I to monatomic layers is generalized and applied to complex monolayers
and multilayers. Using the “muffin-tin” model, which is widely used in the band theory of metals,
the wave function is expanded in spherical harmonics on the surfaces of the set of atomic spheres
which build a two-dimensional unit of the structure. The expansion coefficients are determined
from the condition that the wave function should satisfy the integral equation of the problem on
each of the surfaces of the atomic spheres.

The method is interpreted physically in terms of the multiple scattering by the system of atoms.
Corresponding to the expansion of the wave function on the atomic spheres the waves falling on
and scattered by the atoms are decomposed into “partial waves”. In this picture the theory is
shown to be essentially equivalent to the dynamical theory of Ewald and also to the LEED theory
of McRae. The pseudokinematical theory of Hoerni is derived if the multiple scattering is com-
pletely neglected.

The method can be modified, particularly for higher electron energies, to the form which intro-
duces the “scattering matrix” of atomic layers and finally to the form which makes use of Bloch
functions and thus becomes equivalent to the usual dynamical theory of X-ray and electron dif-

fraction.

In Part 1! of the present paper (referred to as I)
the cellular method, that is, a calculation using
Green’s function constructed in a two-dimensional
Wigner-Seitz cell (Kamse 2, referred to as GI), was
applied to low-energy electron diffraction (LEED)
by “simple” monatomic layers, which contain only
one atom per unit cell. In the present Part II the
theory is generalized to the case of “complex”
layers, which have more than one atom per unit
cell. The atoms in the unit cell may be of different
kinds, and their centers need not be situated in a

* Abteilung Prof. Dr. K. MoLiERE.

plane. The present theory applies also to multi-
layers, i.e. an assembly of many atomic layers
stacked together. Each layer may be simple or com-
plex. All the layers, which may be different in struc-
ture, should have, however, common periods in two
dimensions, so that the whole structure has a two-
dimensional periodicity. This assumption is essen-
tial for applying the results of the general theory
developed in GI. The common periods need not be
identical with the periods of the constituent layers,
but may be common multiples of them.

1 K. Kawusg, Z. Naturforsch. 22 a, 322 [1967].

2 K. Kausg, Z. Naturforsch. 22 a, 422 [1967].
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The mathematical procedure in Part I was ana-
logous to the method of Konn and Rostoker 3 who
investigated simple three-dimensional lattices in the
band theory of metals. Their method was extended
by SecaLL? to complex three-dimensional lattices.
We follow Segall’s method in the present paper.

This part contains in §§ 1—5 the mathematical
development of the theory. Its physical interpreta-
tion and the relation to other theories will be dis-
cussed in §§ 6 — 8. Particularly, in § 8 the relation
of the present approach to the methods making use
of Bloch functions (e. g. Bethe’s dynamical theory 5)
is considered. These methods are more suitable for
application if a large number of equivalent layers
of a crystal are involved, that means, at higher ener-
gies. In the case of LEED the depth of penetration
is usually so small that a calculation by the present
method may be feasible.

§ 1. Integral Equation

In I it has been shown that by means of the
muffin-tin model the problem can be reduced to the
solution of an integral equation on the surface of a
sphere. We use here also the muffin-tin model.

Since we assume now that one unit cell contains
more than one atom, and since different kinds of
atoms may have different radii, it is of little use to
introduce a two-dimensional Wigner-Seitz cell as
in I. We go back to the conventional two-dimensio-
nal unit cell, which has been considered in GI and
named “column of reference”. According to the
structure of the layers it may happen that the side
planes of the column cut the atomic spheres into a

Fig. 1. Column of reference (upper view) with the atoms “as-
signed” to it. Atom A not cut; Atom B cut into segments.

3 W. Konn and N. Rosroker, Phys. Rev. 94, 1111 [1954].
4 B. SeeaLr, Phys. Rev. 105, 108 [1957].
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few segments. An example is shown in Fig. 1. It is,
however, always possible to choose the two-dimen-
sional unit cell in such a way that the walls of the
column of reference do not cut through any atomic
center. Then all those atoms whose centers are situ-
ated inside the column of reference are called to be
“assigned” to the column of reference. The set of
atoms assigned to the column builds the two-dimen-
sional unit of the layer (Fig. 2).

Fig. 2. Column of reference (side view). The atoms “assigned”
to the column are indicated by shading.

We have in the column the integral equation [cf.
I, Eq. (8)]

y(r) =yO(r) + [G(r, )V () p(r) 47,

column

(1.1)

where the potential V' (r) is considered to be a sum
of atomic potentials

Vim=22Vi(r-ei—ay)), (1.2)

where n is the index of two-dimensional unit cells,
i the index of atoms assigned to one unit cell, ¢; the
position of the center of the i-th atom in the column
of reference, @,; the n-th lattice vector, and V;(r)
the potential of the i-th atom, which is assumed to
be spherically symmetric and exactly zero outside
the radius r; of the atomic sphere. Thus

Vi(r) =0 if r>r;. (1.3)

In the same way as in I, § 2, we can modify the
Eq. (1.1), if the point 7 lies outside the spheres,
into the form

() =pO(r)+2> |

segments

alp aG P
(G Ay yW) ds’, (1.4)

where the surface integrals are taken on the surfaces
of all the segments contained in the column 3. Ob-

5 H. Berue, Ann. Phys. (4) 87, 55 [1928].
5a 3/3v" is the derivative taken normal to the surface with
respect to r’.
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serving the periodicity of the solution [I, Eq. (7)]
y(r+a,) =exp{i Ko @} w(r)  (1.5)

and of Green’s function [GI, Eq. (35 a,b)]
Gr,v +a,) =exp{ —iKya,} G(r, 1), (16)
we find easily that the sum of the surface integrals
on the segments of one atom can be replaced by the

surface integral on the atomic sphere assigned to
the column of reference (Fig. 1). We obtain

dy 3G 7
(G - ayﬂ/’) ds". (1.7)

The surface integrals are now to be taken over all

v=yO+2> [

j sphere j

p(ri+e) =ypO(ri+e) + 2 J [g“”) (i, 1)) (a; w(
7

- 9 i o~ ,
T +¢;) ) —(—a—,?'w(ri,r)) y(r; +¢;)
r'=ry r r'=ry
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the atomic spheres which are assigned to the column
of reference ©.

Following SecaLL 4 we write
r=r+e, rv=r+e¢,  (18)
and ' o
G(r,r)=6G(r-r'+e¢;,— c;)
= GG (r,1'). (1.9)

In (1.7) 1’ is situated on the j-th sphere. We write
then 1 =r/. One obtains in the limit of  approach-
ing the i-th sphere from outside, that is, in the limit
r—r;, }

' 4
de.

(1.10)

This is a system of integral equations, the number of which is equal to the number of atoms assigned to
the column.

§ 2. Expansion in Spherical Harmonics

As in I we expand y and y© in spherical harmonics. This should be done now on each of the atomic
spheres assigned to the column. We write

w(ri+e;) = lZ CiaRY (1)) Yiu (94, @1) (2.1)

w0 (ri+e) = expliKo e} 3 4ai Vin (o, ox) filxr) Yo (s, 1), (2.2)
m
where K|, is the wave vector of the incident wave.
For i=j the Green’s function can be expanded into the form [I, Eq. (14)]

@) (7, ri’) = lz lzl[azz' 6mm' zny(xr;) ]l("" ri) + A;}B’m’jl(x r;) ].l'(x )] Ylm(ﬂi, ‘pi) Yl"m’ (ﬂi,’ (pi’) . (2.3)
m I'm

where the “structure constants” A\, having here the index (if), are identical to the expression 4, 1,
of I, Eq. (14) and therefore independent of i.

For i j we have always 7;+ €¢;5 1, + €; under the condition that all the spheres don’t touch one an-
other. This means r==1" in G (1, 1’), so that the Green’s function ¢ (r;, ;') has no singularity. It can
be expressed in the form [SecaLL?, Eq. (24)]

GO (ri,1) = 3 5 Alwin () e () Yin (B, ) Yiw (97,0, (). (2.4)
m U'm’
On substitution of (2.1) — (2.4) into (1.10) we obtain
4 nil Y;uz (01\",’ (pK,,) jl(’f ri) exp{i Ko‘ci} )
=Cin R (1) +,IZ ,[‘Sij O O T2 g (1)) (1) +12 Afiyr o (13 jr (32 75) ]
jl'm
L diy 1 dRY ), R
“Ajr(xr) dr RD(r) dr e Com R (1) (2.5}
R e Xfn =Cia R (r) (2.6)

6 Tt is to be noted that we arrive at (1.7) equally well if we have constructed a Wigner-Seitz cell for the complex structure,
which would just enclose the atoms assigned to the column.
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and introduce the phase shifts of partial waves for the i-th atom 5;” by putting [cf. I, Footnote 13*; Kony-
Rostoxer %, Eq. (A 3.2)]

(z) di ’
l /R(‘)} e (leri S 77“))/ (ju — ny tan 5") ]rﬂ‘- (2.7)
Then we have Ba = X5 +j g,, a§) e X » (2.8)
where Bin =47 i Yin (Ok,, ¢x,) j1(=1:) exp{i Ky €}, (2.9)
and i = [833 O Oy i (e 13) + 2~V jy(ers) Al — _tan ) g (2.10)

(x r,) —ny (% r;) tan 5
These expressions are not quite convenient for practical calculation because the quantity
tan 5"/ [jy (% 7;) —ny (% 7;) tan 7]

may become accidentally infinitely large depending on the values of % and »r;. To avoid this we put
2n = Xin[{VAa i [jr(xr) cos 7P —m (i) sin7jf"]} (2.11)
where 77" is obtained from 7" by reducing the phase angle 2 #§" to its principal value 2 7" , which is con-

fined to the range (—, 7). Then we have in place of (2.8)
Fipee * . ¢ A m
V47 Yi, (9k,, Pk,) CXP{l Ko'ci} fl'z(fr: cos 77z )+ ZZ Mld*f (sin 771')) xl’m (2.12)
] m’

This form does not contain a quantity which becomes accidentally infinitely large depending on the values

of 7 and % r;. In fact it does not contain r; at all. We will see in § 4 that the final expressions of the in-
tensities of the diffracted waves also do not contain r;.

§ 3. Calculation of the. Structure Constants

For the calculation of the structure constants Alml’ + in the case i 3 j we distinguish between two cases.
If the point T lies on the sphere i and the point 7’ lies on the sphere j we have in the first case always
z—2z 0. In the second case z—z  can be zero. The geometrical implication is seen in Fig. 3. The latter
case includes the important situation that the centers of a pair of atoms have the same z-coordinate in a
complex monolayer. In the first case the expression of the structure constant is much simpler than in the

second case.

Case ;i), always z —z &0

This case is realized for the pairs of atoms which
belong to different atomic layers which are not direct
neighbours. In this case we can use the expression
of G(r, ') given by I, Eq. (20)

G(r, 1) (3.1)
_iZi”l' exp{ilp|z—2"| +i Ky (ri—1) }.
A P l 2 F”
z z "
We have the relation
case a) case b) Vf24l,K,ﬁ42 " . ]K 2
= ”ne — 1 >
Fig. 3. Two cases of atom pairs for which the expressions of * . Lﬁt‘l . o o (3.2)
the structure constants are different. Case a), always z—z'=0. I'p =41 l/‘ K,,t ‘2 — %2 if #22< ] K, }2.
The ranges of the z-coordinates of r and r’, AB and CD, do
not overlap. Case b), not always z—z'3= 0. AB and CD over- Writing now C;j=C;—Cj, (3.3)

lap.
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we obtain, for example, in the case where always z> 2’
. 7 1 1 . ’
@) (Ti, r; ) = 7 ; ‘1’2 j;p exp{l K; . (r,' -T + cij)} n (34)

where K, is the vector which has the tangential component K,; and the normal component I, . The series
(3.4) is absolutely and uniformly convergent (with respect to 7; and 7;’) owing to the assumption z —z" 30
(cf. GI, § 3). Therefore, from (2.4) we have

Ay = UrGers) jr(r) 171 [dQ; [dQ) Yiw (%5, 91) Yrw (95, @) 96D (v, 7))
]. ]- . . - ’ * .
. i ; 2T, exp{i K3 - €;;} [ji(% 1) 171 [ dQ/ Y, (9:, @) exp{i K; 13}

X [jr () 171 Q) Yo (97, 9f) exp{—iKy 7/} . (3.5)
From the expansion formula of plane waves [cf. (2.2)] we have
exp{i K, 'T;} =4n lzil J1(x1) Yim 9%y s Pk5) Yim (5, 91), (3.6)

where K, = (x, %%,, Pk,). Putting (3. 6) into (3.5) we obtain
(4n

A = r Z exp{i K; ¢} Yy, _n(Ok,» 9ks) Yiw (9%, P (3.7)
v 2il,
Similarly for z < z" we obtain
4 1)
A;:rjz;’ 7= ( A l b Z #exp{l cu} Yl —m(ﬁKv, 991(.:) Ylm (0Kw (pr)s (38)

where K is the vector which has the tangential component K,; and the normal component —I',. Its
angular coordinates are given by ¥%, and ¢k, .

We note that (3.7) and (3.8) include the terms for which I', is imaginary. The definitions of the
spherical harmonics Y;, (9%, , @x,) for these terms are described in Appendix 1. Particularly it is to be
noted that ¥; _,, in (3.7) and (3.8) cannot be replaced by Y}, .

Case b), not always z—z 50

In this case we should use I, Eq. (25) for Green’s function. For this purpose, following SecaLL 4, we
expand Green’s function at first in spherical harmonics of a variable

R=r-r (3.9)

in the form %) (R) = va jL(R) Yiu(6, D), (3.10)
where R = (E, —@—, 4_5) Then we have the relation

A(?)’ r=4miv Zl LCLm m’;lm; U'm’ DLm —m’y (3.11)

where Cost;tm:vm' = [ Yeu (D, @) Yin (8, @) Y (9, @) d2, (3.12)

and [I=F | £ LEL+T. (3.13)

Following Ham and Secart? [Eq. (7.11)] we write D§% = DY + DY, (3.14)

In Appendix 2 it is shown that 8

DA™ = - 711;1'“"'“2—"[(2[4-*- 1) (L+[M)!(L— M) "1E 3 exp{i Ky Cije—i M @k, }

?
L—|M| 1 Fp 2n—1 y min(2n, L—|M|) n (—xc.-,-z)Q"—s(Km/x)L_s (3.15)
b A np (L—|M|——s)' (L+|M|—s)‘ s
2 : 2 :

n=o n!\ x 2n—s

s$=n

7 F. S. Hau and B. SecaLr, Phys. Rev. 124, 1786 [1961]. 8 Cf. Appendix 4. b).
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where €;;; and c;;, are the tangential and normal components of €;;, respectively, and

g0 g F Ciiz 2 1
A= oy ”eXP{—n+ (—"2 ’) —}dn- (3.16)
exp{—iz}'p2 w2 n

The summation over s in (3.15) should be taken either for even or for odd values of s according as
L —| M| is even or odd, and it should run in the range n < s <min(2n, L —|M|), where min(2n, L —|M|)
designates the smaller number of 2n and L—|M|. The integral (3.16) is somewhat more complicated
than the incomplete gamma functions, which we could use in I. It is closely related to the integral contained
in (3.20) below and its evaluation will be discussed in Appendix 3 of the present paper.

If ¢i;;=0 we have obviously

DgRm — Alx iMIFL2-L[(2L+1) (L+|M|)! (L—|M|)1]E S exp{i Kyt €350 —i M @k, }
V4
€=M 1 (I,/%)2r1 (K,.[%) L2 .
n=o n! (iﬂ’f‘éll?n). ((thl{‘ll)—m), I'(} —n, e7" I 0[2). (3.17)
2 ° 2 .

This form is identical to I, Eq. (40) ® except the factor exp{i K,;*C;;} .
If K,;=0 we have DYEM =0 (3.18)

if M50, or if M=0 and L odd. If M=0 and L is even the summation over n in (3.15) should be re-
placed by

L 2n—1
LNES S T e 519

a=1j2 n!\ x

D{%® can be obtained by a method similar as used in I (cf. Appendix 2 of the present paper) :

A & -
D(Llﬁ)l(z) = =3 W;‘ Z exP{ =g KOt. ant} ( —% l ant + cii |) L YLM (ﬂanﬁ—t‘u ] ¢ﬂm+¢q)
» w2 . [\2
X | w i Lexp {u— (ﬂ‘fﬂf Cii [> —17} du, (3.20)
0 2 u

where P, + ¢y, Pan + e, are the angular coordinates of the vector @,;+ €;;. We note that in the series
(3.20) the term for which |@,;|=0 is, in contrast to I, Eq. (46b), not excluded. We need not investigate
this term separately because we assume here that | €;;| 3= 0. The integral in (3.20) has the same form as
I, in I, Appendix 2, and its evaluation is discussed there.

We note that many structure constants are closely connected with each other. For example, the values of the
structure constants are equal for all pairs of atoms if the values of €;; are equal. We have no such sym-
metry as Eq. (A-2) of SecaLL’s paper * against the exchange of indices ilm and jl'm’, but the two structure
constants related by this exchange are connected in such a way that they can be obtained in one process of
calculation.

§ 4. Amplitudes of Scattered Waves

By a consideration similar as I, § 5 we obtain from (1.7) for the amplitudes of reflected waves ?

1 dR® 1 dj B (.
2 ———a 9 Xim (41
R§” dr jl dr r=mn g Yhn( e (PKp) - ( )

27 L o
R”zm‘?ri%xP{_’Kp'ci};(—l)l]z(%ri) ,

tan 7

;9 ' ~ )
or RP= ﬁp_ ; exp{ "iKT—'ci} IZ == i)! @ Z Ylm(ﬂKp, PK,) Xl(nza (4.2)

Ji(zry) —ng(r;) tan g

? Cf. Appendix 4. a).
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and for transmitted waves ?
2n - i 2 1 dR 1 dj £ '

T,= (3po+ TI:,;A ;fzz exp{ —1 Kp'ci} ; (— l)l]l(’f r;) R;T) " Ar - ; & _ ; Yim (9K, Pk ) X}nl,

(4.3)
i2a : : tan ;" i
or TP: 6170+ ;4711 N Z exP{ —1 K;'ci} lz f == l)l n i) Z Ylm(ﬁ;(pa PK») Xl(rri - (4.4)
eI, 5

jl(” I‘i) —nl(x r,-) tann;”’ W

These amplitudes are, as in I, physically significant only in the case of real I',, because if I', is imaginary
they are the amplitudes of evanescent waves, which decay exponentially with the distance from the crystal

surfaces.
Using (2.11) we can write

12n

Ry= =73 exp{ —iKy €} sin®if® VaaY,, (9, ¢x,) =,
A AT,, i T ‘

i12n

Tp=0p+ Frs Z exP{ ‘iK; ‘Ci} IZ Sinﬁ;” V‘i}l YZm(ﬂ;{m PK») 1;2
p i m

We note again that these expressions do not contain the atomic radii r; (cf. § 2).

§ 5. Number of Unknowns and Symmetry
Consideration

The number of the unknowns X} is determined
from the number of atoms assigned to the column
and the number of partial waves necessary for each
atom. The number of partial waves is determined
from the number of tan%{?’s which are not negli-
gibly small compared to 1. For low-energy electrons
this number is small (< 10). This is one of the
most important points which makes the present me-
thod applicable only for low-energy electrons and
not for high-energy electrons, since for high-energy
electrons we need a large number of partial waves
for each atom.

The number of unknowns increases very rapidly
with the increase of the number of partial waves.
For example, if we have only one atom in the unit
cell (monatomic layer) the number of unknowns is
given by N;= (I ax +1)?2 and the number of coeffi-
cients afi),,, in (2.8) is given by N;(N;+1)/2.
This is, typically, ca. 8000 for Iy, = 10.

The number of unknowns and coefficients can be
reduced considerably if we have a geometrical sym-
metry of the system: wave and lattice.

In the band theory® 7 linear combinations of
spherical harmonics with common [ are constructed
with the help of the group theory and only those
combinations which are compatible with the sym-
metry of the system are taken into account. In the
present theory the reduction can be found quickly
in an intuitive way.

If the primary wave falls on the layer perpendicu-
larly to the surface, that is, if | Ko |=0, and if the
layer has an n-fold rotation axis which is perpen-
dicular to the layer and goes through some of the
atom-centers in the cell, then for such atoms the
unknowns X{}) for which m is not a multiple (posi-
tive and negative, zero included) of n disappear.
The symmetry of these components is not compatible
with the symmetry required for the wave function
on the surface of such atomic spheres.

If the layer has a mirror plane lying perpendicu-
lar to the layer and going through the center of
some atoms in the unit cell, and if the direction of
the primary wave is parallel to this mirror plane,
then the component X;i) for these atoms is equal to
the component X{"_, when we take @;=0 in the
direction of the mirror plane. This means that the
wave function on these atomic spheres can only con-
tain the function

[Ylnz(0i7¢i)+yl,—ln(ﬁis %)]/2 (51)
= Nin P/"! (cos &) cos (m ;)

as a component, the other component

[Ylm(ﬂi’ (pi) _Yl. —m(ﬂi’(Pi) ]/(2 L) (52)
=N Pl]mi (cos 191) sin(m ;)

disappearing completely because this component has

no mirror symmetry.

§ 6. Relation to the Pseudokinematical Theory

Since in crystals the atomic potentials may be
strongly overlapping, it is, rigorously speaking, im-
possible to separate the scattering by a crystal into
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single processes of scattering by atoms. Every vol-
ume element in the crystal takes part equally in the
multiple scattering. Hence, according to the usual
dynamical theory of electron diffraction (BernE 3)
the crystal is regarded as a continuum with periodi-
cally varying potential and the wave equation is
solved in this potential field. The muffin-tin model
may be a rather rough approximation of the poten-
tial in crystals, but its advantage is that we can
again separate the scattering by the crystal into
single processes of scattering by atoms. The multiple
scattering by the system of atoms is, as a matter
of fact, separated in this model into two kinds of
processes, namely, the multiple scattering inside
single atoms 1? and the series of scattering processes
which occur successively at different atoms. The pos-
sibility of this separation is also assumed in the
pseudokinematical theory (Hoerni!!, see particu-
larly Fig. 1 of his first paper). In Hoernt’s theory
the successive processes are totally neglected, where-
as they are fully taken into account in the present
theory. This will be explained more closely in § 7.
The concept of multiple scattering appears to be con-
fined usually to the successive processes, so that any
difference between the results of the pseudokinemati-
cal theory and the present theory may be regarded
as the effect of “multiple scattering” in the usual
sense.

Although the pseudokinematical theory may not
by satisfactory for LEED, it is worth while to com-
pare it with the present theory to explore the effect
of muliple scattering. We apply here the pseudo-
kinematical theory to the muffin-tin model.

For the scattering by a single atom we apply the
usual form of Green’s function

Go(r,7') = —exp{i#R}/(4 7 R). (6.1)

For r>r" we have the expansion formula (MorsE-
FesuBacH !2, p. 1466)

G, (7, 1) (6.2)
=—1 l% % h§1) (}C r) jl(z r,) Ylm(ﬁi @) Y;m (0” (P,) ’

where A (xr) is the spherical Hankel function of
the first kind:

AV (xr) =ji(xr) +ing(xr).

10 We mean by “the multiple scattering inside an atom” every
deviation of the atomic scattering amplitude from the first
Born approximation. In fact, the deviation can always be
understood as the multiple scattering by volume elements
of the atom. This problem is practically solved by the usual
partial-wave method: -
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The integral equation for the scattering by a muffin-
tin atom 7 is given by

A T |

sphere i

(C dy 3G,

P o T e v )4 (63)

The second term
; 3 3G,
Wg)h f (Ga ’a:f/

sphere i

—
is obviously the wave scattered by the atom i. Sub-
stituting (6.2) into (6.3) and expanding on the sur-
face of the sphere in spherical harmonics, we obtain

)ds' (6.4)

Xin=B + 49X (6.5)
g i BV (% ;) tan 7"

h A — thy i (L _ .
where P T —myr) ey (6.6)
Hence from (2.9)

X = Bin/ (1 — 4)
=exp{i K, €;} 4 7' Vi, (950 o) (6.7)

X& [hP(xr;) exp{i2 P} + AP (211,

where h{® (x71;) is the spherical Hankel function of
the second kind:

hiP (1)) = ji(xr;) —ing(ery).

The pseudokinematical theory assumes that the
scattered wave from the assembly of atoms is a
simple superposition of the scattered waves from
single atoms. This ‘superposition is given obviously
by (1.7) if we substitute for y on the right-hand
side the values which are obtained for each atom
separately as a solution of (6.3). This means that
we put X5 given by (6.7) into (4.2) and (4.4).
Using the addition formula

P;(cos @)
4n

T 2l415
where 05

obtain

Z Ylm(aKm ‘phv) Ylm(l?l\o, (PKn) (68)

are the angles between K, and K,, we

27
Ry= g7 Sexp{—i(K; Ko)c}f>(@(,g,>9,)

(030),
(6.10)

127 % + i
Tp=0m+ AT, ,z exp{ —i(K;— K,) -¢;} f©

11 J. A. Hoernt, Phys. Rev. 102, 1530, 1534 [1956]. )
12 P, M. Morse and H. Fesusaca, Methods of Theoretical
Physics, 2 Vols., McGraw-Hill, New York 1953.
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where

1965 = 5

Z (2141) (exp{i 2 5"} —1) P;(cos O5)

K.KAMBE

(6.11)

is the exact atomic scattering amplitude for the i-th atom (sphere).
If we replace /@ (6 ;) in (6.9) and (6.10) by the first Born scattering amplitude /§(© %) we obtain

the expressions of the usual kinematical theory.

For comparison with (6.9) and (6.10) the results of the present theory, (4.5) and (4.6), may be writ-

ten in the form

2 v ; _
L z exp{ —i(K; —K,) ¢} 1 (K, ,K,), (6.12)
= 61)0"' > exp{ —i(K; - K;) ‘¢;} i (K;, K,), (6.13)
y r,, ,-
where
; 1

f‘(l\?I)(K;)Es KO) = 5% Z (2l+ 1) (exp{l’z ’7?)} 2 l+ 1 (PKD) Ylm(ﬁKOs (pKu) yl (614)
where YD =20/ [ VA 7Y (9ke Pro) expli Ko €;} exp{ing®}] . (6.15)

{0 may be called the effective atomic scattering
amplitude in the multiple-scattering approach. The
value of z{) should be determined by the system
(2.12). The difference between the kinematical the-
ory, the pseudokinematical theory, and the present
multiple-scattering theory may be detected in the
difference between the quantities f§, /), and f{.
Obviously the pseudokinematical form (6.11) can
be obtained from (6.14) if we put y(” =1. Thus,
the effect of the multiple scattering may be expres-
sed also by the deviation of the value of ¥f;) given
by (6.15) from the value 1.

§ 7. Multiple Scattering and Partial Waves

The physical interpretation of the present ap-
proach may best be given in terms of the multiple-
scattering picture. A general theory of multiple-
scattering by large system of scatterers was given
by Lax1® and applied by McRae !4 to LEED. The
present theory is essentially equivalent to McRAE’s
one, and the relation between the two theories can
be clarified also in the multiple-scattering picture.

The scattering by a single muffin-tin atom is re-
presented by the integral equation (6.3). It shows
that the wave function on the surface and outside

13 M. Lax, Rev. Mod. Phys. 23, 287 [1951]; Phys. Rev. 85,
621 [1952].

the atomic sphere is composed of two parts: the
primary plane wave @ and the scattered wave y{".

In the pseudokinematical theory we neglect the mul-
tiple scattering so that we use (6.3) although the
atom ¢ is surrounded by other atoms. Now we note
that (6.3) should hold on the surface of the sphere i
also when the primary w© is not a plane wave. If
we take into account the multiple scattering the
primary wave for the atom i should be made up of
the plane wave w(o) and the scattered waves from
all other atoms (" (j'=i). We should have in-
stead of (6.3)

p=1y® 4y, (7.1)

where the “primary” y(®, which is called ,,anregen-
des Feld“ by Ewarp ! and the effective field by
Lax 13 and McRaE 4, is given by

p® = yp©® 1 3 " (7.2)
j *1
If we substitute (7.2) into (7.1) we obtain
(7.3)

w=ypO+ Sy,
7

The summation is taken over all atoms and this
equation is actually the integral equation for the
system of atoms, which can be derived from first
principles and is essentially equivalent to (1.7)

14 E. G. McRag, J. Chem. Phys. 45, 3258 [1966] ; Surface Sci.
8, 14 [1967].
15 P. P. Ewavrp, Rev. Mod. Phys. 37,46 [1965].
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[if we overlook for the moment the difficulty of
convergence in the summation over an infinite num-
ber of atoms].

If @ in (7.1) is assumed to be known we can
solve the equation for v and calculate v (" . This

process may be represented by the functional 16
YO =FO (y0). (7.4)
This relation represents with (7.2) the “self-con-

sistency””, which means that the scattered waves y{

should be determined in such a way that the effec-
tive field y(® constructed from © and y{" (j 1)
would satisfy (7.4) for all atoms of the system at
the same time.

We find at this stage that the present theory is a
generalization of Ewald’s dynamical theory of X-ray
diffraction by crystals (EwaLp 15, see also James 17).
Ewald regards atoms as point dipoles so that the
scattered wave 18 ¢ is given as a function of the
value of y@ at the position of the dipole i. Thus,
introduction of the quantity w(® is essential for
Ewald’s model, whereas it plays no role in the pre-
sent theory because the scattered wave y{” is given
directly by (6.4), which includes v and not .
The expression (7.4) is more accessible for physical
interpretation than (6.4) because the cause of ex-
citing the scattered wave is v and not . In this
sense the right-hand side of (6.4) includes the cause
and the result at the same time. Mathematically,
however, the form (6.4) is more direct and more
convenient for analysis than (7.4) 19,

Modification of (7.3) into the form (1.7) for
reducing the number of atoms from infinity to a
finite number is only a matter of convenience, al-
though the main mathematical difficulty lies in this
process. Expansion of (1.7) in spherical harmonics
brings also some complication, so that it may be
worth while to recapitulate the multiple-scattering
picture in the expanded form.

16 Substitution of (7.4) into (7.3) and (7.2) gives the func-
tional equations

w=w(°>+2 FU) @)y,

0)+2 Fi)(py .

=i

pi) =

These are the basic equations of Lax 13 and McRak 14 and
are obviously direct consequences of the integral equation
(7.3).

17 R. W. James, The Optical Principles of the Diffraction of
X-rays, G. Bell, London 1948.
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We consider again the scattering by an atom.
This is represented in the expanded form by (6.5),
which implies with (6.4) that the scattered wave
outside the atomic sphere (F 2> r;) is given by

YO (rre) = 5 40X ,’l‘il, cid
Im ( )
w® is represented as a sum of partial waves, which
have the characteristic angular distribution deter-
mined by Y,,,(9, 7). With the radial change h{" (x 7)
each of the partial waves is a solution of the wave
equation in the vacuum outside the sphere. Thus,
the quantities 4§ X\i) give the amplitudes of par-
tial waves of w{”. Similarly v and %@ can be re-
presented as a sum of partial waves around the
atom i.

Yin (8, 9). (7.5)

In the pseudokinematical theory v is excited
by @, the primary plane wave, so that £}, in (6.5)
is given by (2.9). In the multiple scattering theory
according to the above consideration {” should be
excited by y® given by (7.2). This is actually
found to be the case in (2.8), which may be rewrit-
ten as

XZ’;: o m Tt l§: F%?L;’m (})X}Z) ’ +A(1)Xl(11127 (76)
] m’
where from (2.10) and (6.6)
ot 08 Ji(xri)
F;rr]z;/m/ = [ = aij 611’ 6mm' +i1x 1 Agrr?&’m ] (ll) (%Zr])
(7.7)

A comparison with (7.1) shows that the quantity
1) + z l;r]L;’m’A X;Qn’ (78)

is the amplitude of the Im-th partial wave of (.
It consists of 3{}) coming from the plane wave 1
and the sum over the contributions of w{” (j'==1)20;
each partial wave of y{’ having the amplitude
AD XD, contributes to &%) with the proportionality
factor Flmqm/ (Fig. 4). It is clear that F{in,. is the
Im-th expansion coefficient of the I'm’-th partial

&) _
Sim =

18 In Ewald’s model 15 1{’ has only the component X§} [cf.
(7.5)].

19 A third alternative form, of course, is to divide y and ()
into the parts “going into” and “coming out of”’ the atoms
and to introduce S matrices or T matrices. (Cf. J. L. Beesy,
J. Phys. C (Proc. Phys. Soc.), Ser. 2, 1, 82 [1968] ; K. Hi-
raBAYAsHI, J. Phys. Soc. Japan 24, 846 [1968]) .

20 The summation with respect to j in (7.6) and (7.8) is taken
only over the atoms assigned to the column of reference.
It can be proved that the term j=i does not contain the
contribution from the atom i itself, but only from the atoms
equivalent to the atom i by the lattice periodicity.
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F
Alll) xlul’) Ew

£\ [N

AP X

$2): effective field
for Atom 2

‘l"s‘ . scattered wave
from Atom 1

Fig.4. The partial waves of the scattered wave from the atom 1
and of the effective field for the atom 2. The atoms are in-
dicated only by the positions of their centers. Only the two
components 00 and 10 are shown. The characteristic angular
distributions of their amplitudes are indicated by contours.
The quantities 4 X{{ etc. put to contours are the amplitu-

des of the partial waves, and the quantities F{t7, etc. put to

arrows are the proportionality factors with which the ampli-
tudes of the scattered-wave components are multiplied as a
contribution to the effective-field components.

wave of y{? in spherical harmonics on the surface
of the atomic sphere i. As a matter of fact F{i,,..
contains the lattice sum over all atoms in the layer
which are equivalent to the atom j [with respect to
the lattice translation @,;] so that it has the compli-
cated form (7.7). It is to be noted that F{,.. is
again a kind of structure constants, being indepen-
dent of the scattering property of atoms, which are
contained only in the quantity 4/ .

By solving the system (2.8), or (7.6), we obtain
the “self-consistent’”” solution for the wave function
y in terms of X {2, or for the scattered waves ("
in terms of A}“ Xz(f;;) s

wave function Y X9
primary field p© 2
effective field for the i-th atom ) &L
scattered wave from the i-th atom (" AW XN

Table 1. Waves in the multiple scattering theory and their ex-
pansion coefficients.

21 M. v. Lauvg, Rontgenstrahlinterferenzen, Akademische Ver-

lagsgesellschaft, Frankfurt/M. 1960.

A comprehensive survey of the methods of the Band theory
can be found in Zmmax 23, Following the convention of the
Band theory we define here Bloch function as a function
which has the Bloch-type translational property in all three
dimensions. It need not be represented, as in the usual dy-
namical theory ®, by a superposition of plane waves. In the
Band theory Bloch functions are often constructed in other
ways, particularly in the muffin-tin model (see Zimax 23).

22
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The various kinds of waves introduced above and
their expansion coefficients on the i-th sphere are

tabulated in Table 1.

§ 8. Use of Bloch Functions

The most important feature of the present ap-
proach, which is common to McRaE’s 14, may be that
it does not use Bloch functions. This is the point
which makes the present approach quite different
from the usual dynamical theory of X-ray 1 172t
and electron diffraction® and also from the band
theory of metals 22.

The solution should have indeed the Bloch-type
translational property (1.5) parallel to the layer
due to the symmetry of the problem (see GI), but
it need not have the same kind of property in the
perpendicular direction. Since in LEED the number
of atomic layers which take part in the scattering
process is small, the use of Bloch functions brings
no essential advantage. On the other hand, owing
to this discarding of Bloch functions the present
method is particularly suitable for the study of
structure of surfaces which are expected to be quite
different from the structure of netplanes inside the
crystal. This is almost always the case in the appli-
cation of LEED to surface chemistry.

The use of Bloch functions becomes significant
when the electron energy becomes relatively high,
say, 1 keV or higher. If the direction of the incident
wave is not nearly parallel to the surface, the depth
of penetration of the incident electrons may be, say.
100 atomic layers or more. We describe here briefly
how in such cases we may introduce Bloch functions
into our theory.

Since we have a large number of equivalent layers
except a few surface layers it is advantageous to
calculate at first the “scattering matrix” of each
layer. This can be done in the model which is es-
sentially equivalent to that of Darwin’s dynamical
theory 2* of X-ray diffracion 24*. A basic assumption

23 J. M. Zman, Principles of the Theory of Solids, Cambridge
University Press 1964.

24 C. G. Darwiy, Phil. Mag. 27, 315, 675 [1914].

242 Note added in proof: A detailed account of the application
of Darwin’s method to LEED has been given by E. G. McRaE
(1968, to be published in Surface Science). The “scatter-
ing matrix” is called by him, certainly more properly, the
“transfer matrix”.
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of this method is that the z-projections of the atoms
from different layers do not overlap [the case (a)
of Fig. 3]. This assumption may be good, for ex-
ample, for the (111) net-planes of f.c.c. lattices
since this overlapping of the z-projections is rela-
tively small. Between equivalent layers there are
layers of vacuum, which are called here the “gaps”
(see Fig. 5). In these gaps the solution of the Schré-
dinger equation with the periodicity condition (1.5)
can be always represented by a superposition of
plane waves exp{i K; 1}, where K; are defined
in § 324, It is easy to modify the theory of §§ 1 —4 to
obtain the “scattering matrix’”’ of the n-th atomic
layer, which is defined here as the transformation
matrix from the set of plane-wave amplitudes
@iin—1) in the (n—1)-th gap (lying above the n-th
atomic layer) to the set @5, - The scattering ma-
trix of the whole system of atomic layers can be
obtained as the product of the scattering matrices

of the atomic layers 25,

gaps

Fig. 5. Equivalent atomic layers and the gaps between them.

If we have a large number of equivalent layers
it is advantageous to diagonalize the scattering ma-

trix by calculating its eigenvalues and eigenvectors 252,
If we write the i-th eigenvalue in the form
)~i=eXP{ikzid} B (8.1)

where d is the spacing of the equivalent layers, and
k.; is in general a complex number, and assume that
the plane-wave amplitudes @;,_1) are equal to the
i-th eigenvector, then we have

Picny = exp{i kzi d} Q1) (8.2)

24b These include the waves with imaginary I'p .

25 The method is in this connection equivalent to the “multi-
slice method” of Cowrey and Moopie 26, Howie and WxE-
1aN 27, and Boersch, Jescuke and Rarru 28, but more exact
within the validity of the chosen model.

252 We assume here that the scattering matrix is diagonaliz-
able.

25b Another alternative method has been given by P. M. Mar-
cus and D. W. Jepsen, Phys. Rev. Letters 20, 925 [1968}.
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This means that there exists a solution of the Schré-
dinger equation which satisfies the condition

w(r,y,z4+d) —exp{ik,id}y(z,y,2). (8.3)

Since we assume a priori that the condition (1.5)
is satisfied, this solution is nothing but a Bloch
function (see footnote?2). For this Bloch function
the energy »? and the tangential component Ky are
given and the eigenvalues of the normal component
k.;, which may be complex numbers, are to be cal-
culated. This is just the Bloch function which ap-
pears in the standard dynamical theory of BETHE ®.
Bethe uses the plane-wave expansion for obtaining
the Bloch functions. Boupreaux and HEenE 29, who
developed a similar theory as Bethe’s, pointed out
the advantage of the use of pseudopotentials in con-
nection with the plane-wave expansion. The proce-
dure just sketched above is an alternative method 2.
The original Korringa-Kohn-Rostoker method as
well as APW, OPW etc. (see Zmman 23) may be also
applied to calculate the Bloch functions.

The scattering matrix of the whole system of
atomic layers can be obtained by building the pro-
duct of the scattering matrices of the atomic layers.
If all the layers are equivalent and we know the
eigenvalues and eigenvectors this product can be
easily calculated. Alternatively, we may calculate
Bloch functions by using any of the above-mention-
ed methods and construct the scattering matrix of
the whole system. This has been shown by Nienrs 3°
and Fusivoro 3! for high-energy electrons. If we
have extra surface layers we should multiply their
scattering matrices with the above product. The
solution of the scattering problem by the whole
system is then easily obtained by considering the
conditions of out-going waves in the upper and
lower vacuum (cf. I, § 1). If we neglect the surface
layers this method is exactly the same as that of the
usual dynamical theory of X-ray and electron dif-
fraction (Darwin 24, Ewarp !5, von Laug 2!, BeTsE ®
etc.). We note that Darwin 24, who considered the
atomic layers as extremely thin plates with given

26 J. M. Cowiey and A. F. Moobik, Acta Cryst. 10, 609 [1957];
12, 353, 360 [1959].

27 A.Howie and M. J. WrELaN, Proc. Roy. Soc. London A 263,
217 [1961].

28 H. Boerscu, G. Jescuke, and H. Rarra, Z. Phys. 181, 436
[1964].

2 D. S. Boupreavx and V. Heng, Surface Sci. 8, 426 [1967].

30 H. Nienrs, Z. Naturforsch. 14 a, 504 [1959].

31 F. Fusimoro, J. Phys. Soc. Japan 14, 1558 [1959].
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scattering matrices, and EwaLp 1%, who considered
lattices of point scatterers, practically used also
Bloch functions in our sense (see footnote 22).

§ 9. Conclusions

The method of Korringa and Kohn-Rostoker in
the band theory of metals has been applied, in its
generalized form by Segall, to the scattering prob-
lem by complex two-dimensional lattices of atoms.
The method is a straightforward generalization of
that applied to monatomic layers in Part I. The
problem is reduced to a system of linear algebraic
equations for determination of the expansion coeffi-
cients of the wave function on the surfaces of atomic
spheres. The coefficients of the equations contain
the “structure constants”, which depend only on the
structure and not on the kind of atoms, and the
phase-shift data of the atoms.

The calculation of the structure constants is some-
what more complicated than in the case of mon-
atomic layers, but a much simpler form can be
derived for a pair of atoms which belong to different
atomic layers if their z-projections don’t overlap.

The number of the expansion coefficients can be
reduced considerably if the incident wave lies in a
certain symmetric direction with respect to the layer.
Many coefficients prove to disappear owing to the
symmetry.

The corresponding formulae of the pseudokine-
matical theory, in which the multiple scattering is
completely neglected, are given also in an expanded
form in spherical harmonics for the purpose of com-
parison with the present theory.

K.KAMBE

The method is interpreted physically in terms of
multiple scattering, first in the general form and
then in the form expanded in spherical harmonics.
In both forms the wave function is separated, with
respect to each atom of the system, into the “effec-
tive field” @, the sum of the waves which fall on
the atom, and the scattered wave. The condition of
the “self-consistency” between these waves leads to
the integral equation used in the present theory. In
this form the theory is shown to be equivalent to the
dynamical theory of Ewald and also to the LEED
theory of McRae.

It is emphasized that the particular feature of the
present method is that it does not use Bloch func-
tions and is particularly suitable for the study of
surface layers.

In the case that many equivalent atomic layers
should be taken into account, as is the case at higher
electron energies, it proves to be advantageous to
modify the method to the calculation of the “scat-
tering matrices” of layers. For this purpose it is
necessary to assume that there are “gaps” between
the atomic layers. In the gaps the wave function can
be represented as a set of discrete plane waves, and
the scattering matrices give the relation between the
sets of waves above and below the atomic layers.

For the purpose of calculating the product of the
scattering matrices for many equivalent layers the
scattering matrix is diagonalized. It is shown that
this process is equivalent to the calculation of Bloch
functions, and in this sense the method becomes
equivalent to the standard dynamical theory of X-
ray and electron diffraction.

The author wishes to thank Prof. Dr. K. MoLiEre for
his encouragement and valuable suggestions.

Appendix 1: Spherical Harmonics with Imaginary Arguments

If in (3.1) |Ky|>%, the vector K, in (3.6) has an imaginary normal component I', according to
(3.2). In this case the expression (3.6) requires a particular analytical investigation.
The formula (Watson 32, p. 368; footnotes 32734 see p. 1294)

1
2%

exp{izcos O} = (

)é °§0<2n+1) " 7 11(2) Pa(cos ©)

(A1.1)

is valid for arbitrary complex values of cos ©@. This can be seen at once from Gegenbauer’s derivation of
the formula (Warson 3%, p. 368 —369). On the other hand, we have the addition formula (WaITTAKER-
Warson 33, p. 326)

P,(cos ©) =P, (z) P,(z) + 2m§=1( —1nm E:; Z;: P (z) P™(2') cos(m o), (A1.2)
where cosO=zx2 — (22—1)" (22—-1)"cos w, (A1.3)
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and P}’ (z) are associated Legendre functions with a complex argument in Hobson’s definition. This for-
mula is valid for arbitrary complex values of z, 2" and cos w. Thus, putting

z=ur;, x==%i|T,|/x, 2'=cos®;, w=@i—@g,+(ta—a)/2 (A1.4)
and substituting (A 1.2) into (A 1.1), we obtain in place of (3.6)
exp{i (K, r;sin¥d; cos (@i — Pky) ti|I,|ricos®;)}
= 24 aitji(xr;) Ni, (Fi)m PP (£i| Ty /=) P{™ (cos ®;) exp{im(p;—@K,)} (A1.5)
im

where P}™' (cos®;) is the usual Ferrers’ associated Legendre function (Wrrrraker-Watson 33, p. 323) and

20+1 (I—|m|)!]?
Nin= | "4 elmh1] - e

Similarly for exp{—i K; T} we obtain

exp{ —i (K¢ risin ¥;cos(p; — g ,) £i| I, ricosd;) }
= > 4aij(xr) Nip (Fi)l™ P (xi| T, |/%) P™ (cos ¥;) exp{ —i m(p;— @k,) } . (A1.7)

Im
Hence the formulae (3.7) and (3.8) are valid if we define the spherical harmonics for imaginary I', as
Yin (9% ko) =Nin(F i) M PP (L8| Ty |/x)exp{im ¢x,} . (A1.8)

We note that ¥;, _,, is not equal to ¥, in these cases.

Appendix 2: Calculation of Structure Constants
If follows from I, Eq. (25) that

DY~ — (l) S exp{i Ky i} lim {18, (B) [j (B }, (A2.1)
274\ 2 p R—0
. 3 _ _
and DD = 4—177 - (%) > exp{ — i Koy* @} lim{I%, (R) /jr.(x R) } (A2.2)
n R—0
2n n —
where (IB,,,(R) 1) dd [ si n 60 d6 YzM((T), 5) exp{i K,,t'Rt}
0 0
oo exp{ipp} _
x | Chexp{3[I3— (Z+ci)?C]1} A, (A2.3)
2n n . .
and Lelpe(R) = 6{ d® [sin O dO Y7, (O, D)
0

X llj CEexp{ —3(|R+e;+an2l—3/0)}ds, (A24)

where R; and Z are respectively the tangential and normal components of R.
The integral with respect to { in (A 2.3) can be expanded into a power series

oo exp{ipp} _
o Thexp{3[I5 — (Z+¢ii) %1} AL

oo exp{ipp}

=2 %[—5(2%'2—4—72)]” | ¥ rexp($[I —c;;:2/C1}dE. (A2.5)

[

Integration with respect to @ gives a form similar as I, Eq. (A 2) 3%. We have then the integral with
respect to ©

| sin ® dO P! (cos ©) J ;31 (K, R sin ©) (2 R ¢y, cos O + R? cos? )1 (A 2.6)
0
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As in I, Appendix 1 the Bessel function can be expanded into a power series of sin ©. The last factor
can be expanded by the binomial formula. We find that for each term of this binomial expansion only one
term from the power series of the Bessel function must be taken into account. This is due to the fact that we
need only the lowest non-vanishing power of R in I(I}J)Wp(ﬁ) for the purpose of putting into (A 2.1) and

taking the limit R — 0. The lowest power proves to be RL. On collecting such terms for each n and putting
into (A 2.1), we obtain (3.15).

Appendix 3: Calculation of the Integral 4,,

For the integral 4,, given by (3.16) we put

r=e""I50/2,
and write

A, satisfies the recurrence formula

(2/2)2A7t+1 == (‘B'_n) An+An—1 _xéﬁn exp{ —x+22/(4x)} )

4,= J{ri“*‘” exp{ —n+22/(47)} dy.

2 2 e 2
22 =I"cii.2,

(A3.1)
(A 3.2)

(A 3.3)

which can be derived from (A 3.2) by integration by parts.
Introducing the complex error function w(z) given in I (A 8), we can write for n=0 and n=1

_ V= { Zi} <_
A= g eXp ) —Z+ —riw{— g

A= —}/—j 3exp{—x+ Z—i} [w(— 2%6 +i1/z> —w(zi; +iVx>].

We can derive these formulae from (A 3.2) follow-
ing Ewald’s analysis (Ewarp 3%, Anhang). It is to be
noted that from (A 3.1) either z or 22 is negative
according as I'; is positive or negative. If z is nega-
tive we define

V"I;= —ll/i;{i’ Z>0, (A3'6)
and if z? is negative we define
z=ilz|, «>0. (A3.7)

Appendix 4: Errata of Part |

a) In Egs. (53), (54) and (55) the spherical har-
monics Y;,, should read respectively Y, (9 z,» ¥k,)»
Ylm(ﬂl;p’ (pr) and Yl”l(’l?;-{p’ (pr) .

i +il/¢) +w<§£w +iV;)]’

z

(A 3.4)

(A 3.5)

The text under Eq. (53) should read:

“where x(=|K ;|), 9 %,, ¢k, are the polar coordi-
nates of the vectors K;°, which have the tangential
components K,; and the normal components +1',.
From (24) K, have...”.

b) In Eq. (40) the factor (—1)Z should be
omitted.

In Egs. (A2) and (A 3) the argument of the Bes-
sel function — K, R sin © should read K, R sin 6.

In Eq. (A 6) the factor (— K, R/2)%72" should
read (K, R/2)E72n,

In the Table on p. 330 the factor —1/(4 %) in
the third equation should read 1/(4 x). In the same
equation the factor /6 should read 1/6/2 3%,

c) In Eq. (A9) I'(1/2, %) should read I'(1/2,2).

32 G. N. Watson, Theory of Bessel Functions, Cambridge University Press 1944 (2nd ed.).
33 E. T. Wurrraker and G. N. Warson, A Course of Modern Analysis, Cambridge University Press 1927 (2nd ed.).

34 Cf. Appendix 4. b).
35 P. P. EwaLp, Ann. Phys. (4) 64, 253 [1921].

35a The author is indebted to Dr. P. J. Jexnines (Bell Telephone Laboratories) for pointing out this error.



